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Heat dissipation in nanoelectronics

Chowdhury et al., Nature Nano. 4, 235 (2009)

Hot Spot
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Thermoelectric Energy Conversion

C. J. Vineis et al., Adv. Mat. 22, 3970-3980 (2010)

L. E. Bell, Science vol. 321, pp. 1457-1461 (2008)

Hicks and Dresselhaus, PRB 47, 
12727; PRB 47, 16631 (1993)
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Thermoelectric Conversion Efficiency
 Measured by the ratio of energy provided to the load to the heat extracted

 Increasing dimensionless figure of merit ZT causes efficiency to approach the 
Carnot limit

 Reducing thermal conductivity has tremendous impact on ZT!
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For Qunatum Espresso phonon dispersion calculations, see poster by Cameron Foss

Phonons and Dispersion Calculation
 Phonon isosurfaces show strong anisotropy and phonon 

focusing [Cahill et al., JAP 93, 793 (2003)]
 LA branch (left) has very flat faces with phonons 

propagating mainly in the [111] direction
 TA branch (middle) has flat isosurfaces with normal 

vectors (phonon velocities) in the [100] direction

Phonon Dispersion

Longitudinal

Transverse

Acoustic (propagating waves)

Optical (standing waves)
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For Qunatum Espresso phonon dispersion calculations, see poster by Cameron Foss

Phonons and Dispersion Calculation
 Phonon isosurfaces show strong anisotropy and phonon 

focusing [Cahill et al., JAP 93, 793 (2003)]
 LA branch (left) has very flat faces with phonons 

propagating mainly in the [111] direction
 TA branch (middle) has flat isosurfaces with normal 

vectors (phonon velocities) in the [100] direction

Phonon Dispersion

Longitudinal

Transverse

Acoustic (propagating waves)

Optical (standing waves)

Z. Aksamija and I. Knezevic, Phys. Rev. B 82, 045319 (2010)

Longitudinal Acoustic (LA) branch Transverse Acoustic (TA) branch
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Phonon Monte Carlo and the Boltzmann eqn.
 Solve the phonon Boltzmann transport equation:

• Motion

• Scattering

 7-dimensional (3+3 phase space + time) use MC technique
 Top eqn. is the classical equation of motion
 Bottom is the master equation for the collision integral from 

quantum-mechanical perturbation theory
 Sample scattering probability at 

random from Poisson process:
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Elastic (2-phonon)

Inelastic (3-phonon)

Fugallo et al., Phys. Rev. B 88, 045430 (2013)

2- (elastic) and 3-phonon (anharmonic) collisions
 Only energy is conserved in elastic scattering processes

Mass-difference (isotope, impurity, alloy) randomizes momentum

Rough boundaries of the nanostructures also scatter phonons

Correlated Surfaces only partially randomize momentum/direction

Energy conservation: λ λω ω ′=
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Boundary/Interface Scattering of Phonons

 Nanostructures have lots of interfaces!
 At a rough interface, phonons can be either 

reflected or scattered

 If the phonon is large (or surface smooth)
• The surface variations look small
• ReflectionNo change in momentum

 Typical phonon is small (wavelength<roughness)
• The surface variation looks big!
• Scattered randomlyResistance!

 Momentum-dependent specularity:
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Final State After Boundary/Interface Scattering

 Boundaries/interfaces are correlated
 Described by the auto-correlation function S(q)

𝑆𝑆 �⃗�𝑞 = 2Δ2𝐿𝐿
1+ 2𝜋𝜋𝐿𝐿𝑞𝑞 2

 Rejection algorithm for final state selection:
1. Select a candidate final state
• Uniformly sample the constant energy surface
• Discretize the 1st BZ into small cubes
• Compute the size of the intersection of the constant energy surface with 

the cube
• Use rejection method to select a cube, pick a final state uniformly on the 

constant energy surface in that cube
1. Compute the change in (quasi)momentum between initial and final state 

Δq=qinit-qfinal; reduce to 1st BZ if necessary!
2. Compute the autocorrelation function S(Δq) and compare to a rand
3. If S(Δq)<rrand then keep the final state candidate qfinal
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Elastic (2-phonon)

Fugallo et al., Phys. Rev. B 88, 045430 (2013)

2- (elastic) and 3-phonon (anharmonic) collisions

Both energy and momentum are conserved in inelastic scattering process

Energy conservation:

Normal process:

Umklapp process:
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pMC simulation results
 50K phonons, 50K iterations
 Reach and stay in equilibrium
 Fluctuations in <n> and <ℏω>
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Velocity/flux autocorrelation function

 Green-Kubo formula:

 Bulk thermal conductivity of Si (146 W/m/K) reproduced
 Turning off umklapp

scattering -> non-
convergent
autocorrelations

 Future work: investigate 
boundaries, contacts, alloy 
scattering, non-equilibrium

 Challenge: parallelize, 
better broadening model, 
low T
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Ultrathin SOI thermal conductivity anisotropy
 Lowest thermal conductivity on a (001), highest on (011) surface

Z. Aksamija and I. Knezevic, Phys. Rev. B 82, 045319 (2010)

Ratio of highest/lowest in-plane 
conductivity a factor of >2 at room 
temp., increases with roughness

in-
plane

out-of-
plane
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Boundary Scattering in Rough Nanowires
• Nanoscale detail of phonon scattering with boundary roughness
• Appearance of back-scattering due to surface umklapp process
• Reproduce experimental data on Si Nanowires, show anisotropy
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Heat dissipation in GAA MOSFETs

M. Mohamed et al., IEEE Trans. Elec. Dev. 61, 976 (2014)
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Junctionless vs. Gate-all-around
 Much less pronounced self-heating and lower 

peak temperatures in the J-FET device drain
 M. Mohamed, Z. Aksamija, and U. Ravaioli, Journal of Physics: 

Conference Series, vol. 647, 012026 (2015)

VD = 0.8 V

VD = 1.1 V

VD = 0.3 V

SOI Junctionless

SOI
Junctionless
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Thermal conductivity in nanocomposites
 Nanocomposites are relatively cheap to make
 More difficult problem due to random grain structure

Nature Materials 3, 668 - 669 (2004)

Tadjer et al., IEEE EDL 33, 23-25 (2012)

Diam. Rel. Mat. 18, 1043 (2009)
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Simulation of thermal transport in nanocomposites
 Pick the grain size from the Voronoi diagram and 

compute diameter
 Compute the full thermal conductivity tensor

of each grain:

 Network of “resistors” based on nearest neighbors 
 Distance and thermal conductivity of each grain
 Iterate the heat current until convergence:
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Ultimate 2D limit: graphene
 Single-layer graphene is a 2D honeycomb lattice of carbon atoms (left)
 Electronic properties of SLG earned Geim and Novoselov Nobel Prize
 Graphene nano-ribbons (GNRs) are typically narrrow strips of SLG 

(right) cut along different angles
 SLG and GNR samples can be either suspended over a trench or 

supported by a substrate
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Thermal transport in GNRs is size dependent

Z. Aksamija and I. Knezevic, Appl. Phys. Lett. v.98, 141919 (2011) 
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Thermal transport in GNRs is highly anisotropic
 Angular depence of thermal conductivity reveals rich and complex 

behavior, especially in narrow and rough ribbons
 Zig-zag edge ribbons have up to 20% higher thermal conductivity than 

their armchair counterparts

Z. Aksamija and I. Knezevic, Appl. Phys. Lett. v.98, 141919 (2011) 
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Thermal transport in supported graphene on SiO2

Z. Aksamija and I. Knezevic, Phys Rev. B,vol. 86, 165426 (2012). 

• Substrate scattering due to van der Waals interaction
• Results agree closely with experimental data 

(Seol et al., Science 2010)
• Drastic reduction in narrow GNR samples
• Thermal transport in narrow GNRs is highly 

anisotropic (in-plane)
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Ballistic-to-diffusive transition in short GNRs
 Transport in short GNRs is 

partially ballistic when length is 
comparable to twice the phonon 
mean-free-path (~100 nm)
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CVD-grown graphene is polycrystalline

 Thermal transport becomes boundary dominated
P. Huang et al., Nature 469, pp. 389 (2011)

500 nm
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Thermal transport in CVD graphene is anisotropic

Z. Aksamija and I. Knezevic, PRB 90, 035419 (2014)
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Thank you for your attention!
 This work has been supported by the National Science Foundation 

through:
 NSF Award 1542864, EFRI 2-DARE: Thermal Transport in 2D 

Materials for Next-Generation Nanoelectronics: From 
Fundamentals to Devices

 NSF Award 1449418, CI TraCS Research Starter Supplement

Questions?
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